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1. INTRODUCTION
The theta series of an even, integral, positive-definite lattice is a generat-
ing function which records the number of points in each shell of the lattice.
This function on the upper half-plane, arising in such a special manner,
satisfies the very strong condition of being a modular form of a specific
type. It has level one if the lattice is self-dual, and its weight is half the rank
of the lattice (which we assume to be even).
For certain lattices of relatively small rank, including the E8 lattice and
the Leech lattice, there is a reasonably explicit formula for the coefficients
of the theta series, but in general they are fairly mysterious. In this paper
we investigate their divisibility. In each case we consider, the lattice possesses
a high degree of symmetry and we use orbits to prove that all the coefficients
of the theta series are divisible by some number N, which is to say that the
theta series is congruent to 1 (mod N) as a q-expansion.
Now the theory of congruences of modular forms shows that the weight
of a modular form severely restricts the possible N modulo which its q-expan-
sion may be congruent to 1. Examples of modular forms satisfying all the
congruences which their weights allow are the Eisenstein series. Lattices
whose theta series enjoy the same property include the E8 lattice, the Leech
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lattice of rank 24, the BarnesWall lattices of ranks 2 f +1 (see Section 3)
and the ThompsonSmith lattice of rank 248 (see Section 7). In Section 3
we show that for each N there is an even unimodular lattice with theta
series congruent to 1 modulo N, of a rank which naturally suggests the
congruence modulo N.
In Sections 4, 5 and 6 we concentrate on various infinite families of
indecomposable lattices, many of them self-dual, all of them associated
with Weil representations of finite Lie groups (or their analogs in charac-
teristic 2). In each family the formula for the ranks of the lattices strikingly
suggests certain congruences for their theta series, and in all cases we can
prove these congruences using explicit character formulas and knowledge
of an appropriate p-subgroup of the symmetry group.
Many interesting (often self-dual) lattices may be constructed from globally
irreducible representations of finite groups (see [Gro]). In common with
the E8 , Leech, ThompsonSmith and BarnesWall lattices, many of the
lattices in the infinite families which we consider are of this type. (The E8
and Leech lattices actually occur several times within the infinite families.)
In one of our main examples we consider lattices of ranks 2q(qn+1&1)
(q+1) (n odd, q= p f, p prime), acted upon by the finite unitary groups
SUn+2(q). The weight is divisible by p f ( p&1), suggesting a congruence
modulo p f +1, which indeed holds. The representation in question is globally
irreducible precisely when n=1 and f 2, or (n, q)=(3, 2), (3, 3), (5, 2), and
the lattices are self-dual whenever f is even. The case of SUn+2(q)-lattices with
even n will be treated in a forthcoming paper [DT].
All of these families of lattices have constructions using algebraic geometry
over finite fields. Some of the families of MordellWeil lattices investigated by
Elkies (see [Elk] and [Gro]) provide some of our main examples. (The
family of lattices considered independently by Elkies and Shioda [Shi] is also
closely related.) In these cases we have alternative proofs of the congruences,
employing (the positive characteristic version of) Hurwitz’s genus formula
for coverings of algebraic curves.
We are grateful to N. Elkies and D. Grayson for useful observations which
will be mentioned during the course of the paper. We are also grateful to the
referee for helpful comments that improved the exposition of the paper.
2. LATTICES AND THETA-SERIES
2.1. Theta Series. Let 4 be a positive definite lattice of rank r. Thus 4 is
a free abelian group of rank r equipped with a positive definite symmetric
bilinear form
( } , } ): 4R_4R  R.
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Up to isometry it may be identified with a discrete subgroup of rank r in
the Euclidean space Rr. From now on we assume that 4 is even, i.e.
(v, v) # 2Z for all v # 4. The determinant of 4 is defined by det 4 :=
det((vi , vj) ) where [vi] is any Z-basis for 4.
The theta series %4(z) is a generating function which counts the number
of points in each shell of the lattice. It is defined by
%4(z) := :
v # 4
q(v, v)2= :

n=0
anqn
where q=e2?iz, z lies in the upper half plane, an :=|42n |, and
4n :=[v # 4 | (v, v)=n].
Recall that a modular form f of weight k, level N and character
=: (ZNZ)*  C* is a holomorphic function on the completed upper half
plane such that
f \az+bcz+d+==(d)(cz+d )k f (z) for all \
a
c
b
d+ # 10(N),
that is, for all matrices in SL(2, Z) such that N | c. Let
4*=[v # Rr : (v, w) # Z for all w # L]
be the lattice dual to 4. The index of 4 in 4* is equal to det 4 and 4 is
said to be unimodular if 4=4*. Let N be the smallest positive integer such
that 4* is an even lattice with respect to the bilinear form N( } , } ). This
N is a divisor of det L.
Proposition 2.1. If r is even, %4 is a modular form of weight r2, level
N and character =(d )=(((&1)r2 det L)d) (the Jacobi symbol).
The proof, due to Schoenberg [Sch], is a long calculation involving
spherical theta series and the Poisson summation formula, and may be found
in [Ogg]. In the case that 4 is unimodular the proof is much simpler than
in general, and %4 is a modular form for the whole of SL(2, Z). See
Chap. 7, Section 6 of [Ser2]. In this case, since ao=1 we always have %4=
Er2+ cusp form where, for k4, Ek is the Eisenstein series
Ek=1&(2kBk) :

n=1
_k&1(n) qn.
Here Bk is the k th Bernoulli number and _k&1(n)=d | n, d>0 d k&1.
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Example 2.2. (i) r=8, 4 the E8 -lattice, %4=E4 .
(ii) r=24, 4 the Leech lattice, %4=E12&(65520691) 2, where 2 is
the unique normalised cusp form of weight 12 for SL(2, Z). See Chap. 4
of [CS].
2.2. Congruences of Modular Forms. According to the classical theorem
of von Staudt and Clausen,
Bk+ :
p prime, ( p&1) | k
1p # Z.
It follows from the formula for the q-expansion of the Eisenstein series Ek
(for k4) that, in the ring Zp[[q]], Ek #1(mod p) if ( p&1) | k. Moreover,
Ek #1(mod ps) if ps&1( p&1) | k, for any odd prime p, while for p=2
one has Ek #1(mod 2s+1) if 2s&1 | k. The fact that these conditions on
the weights are necessary follows not only from the von StaudtClausen
theorem but also from the following proposition.
Proposition 2.3. Let f be a modular form of weight k, level N and trivial
character, whose q-expansion has rational coefficients, integral at p.
(i) If p is an odd prime and f #1(mod ps) then ps&1( p&1) | k.
(ii) If p=2 and f #1(mod 2s+1) then 2s&1 | k.
The proposition generalises in two ways. Firstly, one can consider
congruences between modular forms, in which case the difference in weights
must be appropriately divisible. Secondly, if the character is not trivial one
needs to adjust k by a number depending upon the character. We shall
mainly be concerned with the situation addressed by the proposition. The
proof of Proposition 2.3 can be found in the work of SwinnertonDyer
[SwD], Serre and Katz. See for instance Sections 1.3, 3.2, 3.4 of [Serl],
Sections 4.4, 4.5 of [Katz], and also Chap. 1 of [Gou].
3. GENERALITIES
Let 4 be an integral lattice acted on by a finite group G. Let / be the
G-character afforded by 4.
Lemma 3.1. (i) Let p be a prime and P a nontrivial p-subgroup of G
(i.e. P has p-power order). Suppose that (/ |P , 1P)P=0. Then %4 #1(mod p).
(ii) Let N be any integer and P=( g) a cyclic subgroup of order N
in G. Suppose that g acts on 4 with characteristic polynomial which is a
power of the Nth cyclotomic polynomial 8N . Then %4 #1(mod N).
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Proof. (i) Assume the contrary. Then there exists a natural integer n
such that |4n | is not divisible by p. This implies that P has a fixed point
on 4n , whence (/|P , 1P)P>0, a contradiction.
(ii) Assume the contrary. Then there exists a natural integer n such
that |4n | is not divisible by N. In particular, at least one P-orbit on 4n has
length smaller than N. If v is a vector belonging to this orbit, then StabP(v)
is nontrivial, i.e. a power h= gk{1 fixes v. This implies that h acting on
4 has eigenvalue 1. This contradicts the assumption on the characteristic
polynomial of g. K
Characteristic polynomials of automorphisms of unimodular lattices were
studied in [B1] and [B2]. A complete list of all possible characteristic polyno-
mials is given in [B3]. Using this powerful result, one can prove the following
statement. Let .( } ) denote the Euler function.
Theorem 3.2. Let N be an arbitrary positive integer. Define M=l.(N)
as follows.
(i) If N is not of the form pk or 2pk, p an odd prime and k>0, then
M=lcm(8, .(N)), the least common multiple of 8 and .(N).
(ii) If N= pk or 2pk, p#1(mod 4) a prime and k>0, then M=2.(N).
(iii) If N= pk or 2pk, p#3(mod 4) a prime and k>0, then M=4.(N).
Then there is an even unimodular lattice 4 of rank M such that %4#1(mod N).
Moreover, if N is square-free then 4 can be chosen to be indecomposable.
Proof. (1) If N is a power of 2, then the conclusion of the theorem
follows from Proposition 3.3 below (the proof of which does not use this
theorem). Hence we may assume that N is not a power of two. The choice
of l ensures by Theorem 2.1 and Proposition 1.4 of [B3] that there is a
unimodular lattice 4 with an automorphism of characteristic polynomial
f (t) :=8N(t)l in case (i), f (t) :=82p k(t)2 in case (ii), and f (t) :=82pk(t)4 in
case (iii). If an integer m has at least two distinct prime divisors, then
8m(1)=1 by Prop. 2.8 of [Was]. Hence f (1)=1. By Lemma 1.1 of [B3],
4 is even.
(2) Suppose that N is square-free, and let 4 be an integral lattice of
rank M with an automorphism g of characteristic polynomial f (t), with
f (t) as in (1). We claim that any such lattice is indecomposable.
Let P=( g) . Clearly, P acts fixed-point-freely and rationally on 4.
Conversely, we claim: if 4$ is an even unimodular lattice which is acted on
fixed-point-freely by P, then M divides rank 4$. For, rank 4$ is divisible by .(N),
because of the rationality of the action of P on 4$. Since 4$ is an even unimodular
lattice, rank 4$ is divisible by 8, whence M=lcm(8, .(N)) divides rank 4$,
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except possibly for the case N is a prime p#1(mod 8). If N= p#1(mod 8),
then M=2.(N). In this case rank 4$ is also divisible by M. Indeed, suppose
that M does not divide rank 4$. Then g acting on 4$ has the characteristic
polynomial f (t)=82p(t)s for an odd integer s. Then f (1) f (&1)= ps is not
a square, contradicting Proposition 1.3 of [B3]. This establishes our claim.
Let 4=41 42  } } } 4k be the (unique) decomposition of 4 into
indecomposable sublattices. Then each 4i is an even unimodular lattice, as
is 4. Let 1 denote the sum of the 4i ’s lying in the P-orbit of 4i . Then 1
is an even unimodular lattice acted on fixed-point-freely by P. By the above
observation, rank 1 is divisible by M. Hence 1=4, i.e. P acts transitively
on the 4i ’s. Let P1=Stabp(41). Since P is abelian, the stabilizer (in P) of
every 4i is equal to P1 . If P=P1 , then 4=41 is indecomposable, and
we are done. Suppose P{P1 . Our assumption on N then guarantees that
P"P1 contains some element h of prime order. Clearly, h (and so any
power h j{1) leaves no 4i fixed. This implies that /(h j)=0, where / is the
P-character afforded by 4. But in this case the restriction of / to (h)
contains the principal character, a contradiction. K
Observe that we cannot remove the condition that N is square-free in the
above claim. For example, let 4 be a lattice with a fixed-point-free auto-
morphism h of prime order p. Then the formula
g: (v1 , v2 , ..., vp) [ (h(vp), v1 , ..., vp&1)
defines a fixed-point-free automorphism g of order p2 on the lattice
1=4 } } } 4, which is obviously decomposable.
In the case that p#1(mod 4) is prime, the required lattice of rank
2( p&1) may be constructed using a globally irreducible representation of
SL2( p) } 2 (see Section 6.3). Another construction of such lattices may be
found in a paper by Quebbemann [Que], who refers to a letter by H. Koch.
For example, an even unimodular lattice 4 may be constructed containing
4$4$ as a sublattice of index p, where 4$ is the ideal (1&‘p) in the ring
of integers of the cyclotomic field E=Q(‘p), endowed with the bilinear
form (:, ;)=TrEQ(:; p). The theta series is congruent to 1 modulo p
because the automorphism given by multiplication by ‘p has no non-zero
fixed vectors. The set 42n is partitioned into orbits of size p for the action
of the cyclic group of order p generated by this multiplication.
Keeping in mind Proposition 2.3, an even unimodular lattice 4 is said to
be %-optimal, if, for every prime p, %4#1(mod ps), where ps is the largest
power allowed by Proposition 2.3. Since E4=1+240 n=1 _3(n) q
n ; the
E8 -lattice is %-optimal. Similarly, the Leech lattice 4=424 is %-optimal,
since |42n |=65520(_11(n)&{(n))691 is always divisible by 65520=
24 } 32 } 5 } 7 } 13. The next example of %-optimal lattices is given in the
following statement. Observe that the lattices in (ii) are indecomposable.
91CONGRUENCES FOR CERTAIN THETA SERIES
File: DISTL2 223407 . By:CV . Date:09:06:98 . Time:09:42 LOP8M. V8.B. Page 01:01
Codes: 3258 Signs: 2428 . Length: 45 pic 0 pts, 190 mm
Proposition 3.3. (i) Let P=21+2n+ be the extraspecial group of order
21+2n of type +. Suppose that 4 is an integral lattice of rank 2n which is
acted on faithfully by P. Then %4 #1(mod 2n+1).
(ii) If n3 is odd, then the BarnesWall lattice BW2 n is %-optimal.
(iii) Suppose n4 is even. Then the lattice 4$=BW2n&1 BW2n&1 is
even unimodular, and %4$ #1(mod 2n+1). The lattice 4$ is %-optimal.
Proof. (i) Clearly, the P-character / afforded by 4 is the unique
irreducible character of degree 2n of P. Let m be any natural number with
4m{,, and consider any vector v # 4m . Let A=StabP(v). Then 1(/ |A , 1A)A
=(/, 1PA)P . In particular, 2
n=/(1)1PA(1)=(P : A). If (P : A)=2
n, then
/=1PA and so / is reducible, a contradiction. Hence (P : A) is divisible
by 2n+1. This means that the length of the P-orbit vP is divisible by 2n+1.
In particular, 2n+1 divides |4m |.
(ii) It is known [BE], [BW] that Aut(4) contains (equals, if n>3) G
=P } 0+2n+1(2) for 4=BW2n . Due to (i), %4 #1(mod 2
n+1). Suppose that
1< ps&1( p&1) divides 2n&1 for some odd prime p. Then clearly s=1 and
p=2m+1 is a Fermat prime for some mn&1. We claim that %4 #1
(mod p) for such a p. Indeed, m<n so G contains an element g of order p.
Moreover, if / denotes the G-character afforded by 4, then /(g)==2n&m, with
= # [0, \1] (cf. [Gro]). Since /(g) is rational, /(g)=/(gi ) for any gi{1.
Now (=+1) 2n= p&1i=0 /(g
i) is divisible by p=2m+1, forcing ==&1. Thus
/|( g) does not contain the principal character of ( g). It remains to apply
Lemma 3.1(i).
(iii) follows from (ii) since if p=2m+1 is a Fermat prime such that
( p&1) divides 2n&1, then in fact ( p&1) divides 2n&2, m and n both being
even. K
Remark 3.4. 1. If we are less fussy about indecomposability, a cheap
way to construct a lattice 4 of rank 2 f +1( f 2) such that %4 #1(mod 2 f +2)
is to take a direct sum of 2 f&2 copies of the E8 -lattice.
2. Examples of even unimodular lattices which are not %-optimal are
E 38 and (the unique even unimodular lattice of rank 24 with root system
of type) A24 , see Chap. 4 of [CS], whose theta series are not congruent
to 1 (mod 13). Indeed, if %4=n an qn then a1=3 } 240=720 for 4=E 38 ,
while a1=2( 252 )=600 for 4=A24 .
The lattices E8 , 424 , and BW2n are globally irreducible in the sense of
Gross [Gro]. This observation suggests that theta series of globally irreducible
lattices should have good congruence properties. We will study this class of
lattices (and others) in more detail in the next sections of the paper.
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4. THE FERMAT CURVE FAMILY OF
MORDELLWEIL LATTICES
We shall use the MordellWeil lattices of certain constant elliptic curves
over function fields. Let p be a prime number and q= p f. Let k be the finite
field Fq 2 and consider the projective closure Xk of the affine curve
yq+1=x q+x. This is a smooth curve of genus g=q(q&1)2. It is iso-
morphic over k to the Fermat curve of degree q+1, with homogeneous
equation xq+1+ yq+1+zq+1=0. It is acted upon (via fractional linear
transformations) by the finite projective unitary group G=PU3(q) of order
q3(q2&1)(q3+1). For more on this in a general setting see the next
section.
We shall be particularly interested in the action of a certain Sylow p-sub-
group H. Using the Hermitian form appropriate to the first equation for X,
H arises as the unipotent upper-triangular subgroup of G. As a set H=
[(a1 , a2) # k2 : aq+11 =a
q
2+a2]. It acts on X by
(a1 , a2): x [ x+a1y+a2 , y [ y+aq1 .
By considering a2 # k whose trace to Fq is or is not zero, it is easy to check
that H has order q3.
Exactly the same calculation shows that *X(k)=1+q3 (including the
point at infinity). But by Weil’s formula, *X(k)=1+q2&2gi=1 : i where
the :i are the eigenvalues of Frobenius for Xk, each of absolute value q.
Since 1+q3=1+q2+2gq, these eigenvalues must all be equal to &q. Now
let Ek be an elliptic curve with eigenvalues of Frobenius ;1=;2=&q. It
is known to exist and is determined only up to isogeny over k, but we
imagine that some choice has been made. E is defined over k but can be
considered as a constant elliptic curve over the function field k(X). A point
on E rational over k(X ) is equivalent to a morphism ,: X  E defined
over k. The canonical height pairing (suitably scaled) is such that (,, ,) =
2 deg ,, twice the degree of the morphism. If we define 4=E(k(X))tors.&
Mork(X, E)tors. Then 4 is naturally an even lattice. Note that the torsion
subgroup of E is the subgroup of constant maps.
Proposition 4.1. L has rank r=4g=2q(q&1).
Proof. If we choose some k-rational point on X to embed X in its
Jacobian JX , then every morphism from X to E factors through JX and we
get an isomorphism
4&Mork(X, E)tors.&Homk(JX , E).
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A direct application of Tate’s theorem on endomorphisms of abelian varieties
over finite fields [Tate1] gives us r=*[(i, j): :i=;j]. Since :i=;j=&q for
1i2g and j=1, 2, this number is 4g=2q(q&1). K
The theta series %4 will then be a modular form of weight r2=q(q&1).
Since this is divisible by p f ( p&1) it is natural to ask whether %4 could be
congruent to 1 modulo p f +1.
Proposition 4.2. %4 #1(mod p f +1).
Proof. The action of G on the curve X by automorphisms gives rise to
a natural action of the same group on 4. This is by isometries, since
automorphisms of X have degree 1. Certainly then the action of the sub-
group H on 4 preserves shells, and it suffices to show that each non-zero
orbit of H acting on 4 has order divisible by p f +1. Now 4=Mork(X, E)tors.
but, as pointed out by D. Grayson, it suffices to consider orbits of H acting
on Mork(X, E). This is because any element of H fixes the point at infinity
on X so cannot take a morphism to its translate by a non-zero constant
map. Alternatively, one could use the fact that the order of the torsion sub-
group is coprime to p.
The size of an orbit is the index in H of an appropriate stabiliser. Since
H has order q3, it suffices to show that if , # Mork(X, E) is non-constant
and if H$ is the stabiliser of , under the action of H, then *H$<q2. The
morphism , factors through the quotient curve XH$ and there are no
non-constant morphisms from a curve of genus zero to a curve of genus
one, so it suffices to show that if *H$q2 then XH$ has genus zero. So,
assume that *H$q2.
Examining the formula for the action of H on X, one readily finds that
H fixes  but acts with trivial inertia on all the finite points of Xk . Hence
the quotient map : X [ XH$ is unramified at finite points and wildly
ramified, with index *H$, at . Let g$ be the genus of XH$. Hurwitz’s
genus formula (see IV.2 of [Har]) asserts, in our case, that
2g&2*H$(2g$&2)+*H$.
The left hand side is q2&q&2 and we are assuming that *H$q2. This
makes the right hand side too big unless g$=0, as desired. K
Remark. 4.3. 1. The same argument shows that %4$ #1(mod p f +1) if
4$ is any G-invariant (or even H-invariant) sublattice of 4.
2. 4 has even rank. Also the determinant of 4 (or any sublattice of
4) is an even power of p, as follows from Milne’s formula [Mil], the
analog of the Birch and Swinnerton-Dyer conjecture. Hence %4 has trivial
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character. Its level is a power of p, and calculations such as those in [D1]
establish that the level is in fact p[( f +1)2].
3. When f is even, there is a G-invariant sublattice which is unimodular
(after rescaling the bilinear form, as in [D1]). Then the theta-series is a
modular form for SL(2, Z). In the case that f is odd one similarly gets a
modular form for 10( p). If f =1, 2, the corresponding lattices are globally
irreducible, cf. [Gro].
4. Notice that it is the divisibility of g which suggests the congruence,
and the divisibility of the orders of subgroups of G which suggests the
strategy of proof, whereas in the application of Hurwitz’s formula it is the
sizes of g and of subgroups of G which matter.
5. THE HIGHER-DIMENSIONAL GENERALIZATION
5.1. The group and the lattice. Let n1 be an odd number. As before
let q= p f be a prime power and k=Fq2 . Inside (n+1)-dimensional projec-
tive space over k is an n-dimensional smooth hypersurface Xn given by the
homogeneous equation
xq+1(n+1)2= :
(n&1)2
i=0
(xqi xn+1&i+xi x
q
n+1&i)
Xn is isomorphic over k to the diagonal variety xq+10 + } } } +x
q+1
n+1=0, as
we already remarked in the case n=1. Let
G=SUn+2(q)=[A # Mn+2(k) :t A(q)JA=J, det A=1]
be the special unitary group in (n+2) variables. Here, tA(q) is the transpose
of the matrix obtained from A by raising all entries to the qth power, and
0 0 } } } 0 1
0 0 } } } 1 0
b b b b b
J= 0 } } } &1 } } } 0 .
b b b b b
0 1 } } } 0 0
1 0 } } } 0 0
Since the equation of Xn may be written in the form tx(q)Jx=0, G acts
naturally on Xn by automorphisms defined over k, the restrictions of
fractional linear transformations. Let H be the subgroup of G consisting of
unipotent upper-triangular matrices. Clearly, H is a Sylow p-subgroup of G
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and *H=q(n+1)(n+2)2. Let Ek be an elliptic curve in the same isogeny
class as in the case n=1. Then Xn _E is a smooth (n+1)-dimensional
variety over k.
Let V be the Q-vector space of codimension (n+1)2 algebraic cycles on
Xn_E (defined over k), modulo numerical equivalence. Let ( , ): V _V  Q
be the natural intersection pairing, which is G-invariant. As explained in [D1],
if we let V be the ‘‘interesting’’ subspace of V , consisting of those cycles
whose (crystalline or l-adic) cohomology classes are in Hn(Xn)H1(E),
then dim(V)=2(qn+1&qn+ } } } +q2&q). This is proved by imitating the
argument used by Katsura and Shioda [KS] for even dimensional Fermat
varieties, using Shioda’s inductive structure of Fermat varieties and Tate’s
theorem on endomorphisms of abelian varieties over finite fields, to produce
enough cycles. The main result of [D1] is the following.
Proposition 5.1. V contains a G-invariant lattice 1 which, upon scaling
of ( , ) , has
det 1={1prank 12
if f is even
if f is odd.
K
This result agrees with Proposition 4.7 of [T2]. In the case when f is
even, the theta series %1 has level 1, since 1 is even and unimodular. In the
other case %1 has level p and trivial character. Now the weight of this theta
series is half the rank of 1, namely qn+1&qn+ } } } +q2&q. This number
is divisible by p f ( p&1). The obvious generalization of Proposition 4.2 is
the following.
Theorem 5.2. %1 #1(mod p f +1).
We spend the rest of the section proving this proposition. Clearly we will
not be able to transfer the argument involving Hurwitz’s genus formula to
this higher dimensional situation. Fortunately our problem may be formulated
entirely in terms of group characters, as observed by N. Elkies. The (l-adic)
cohomology Hn(Xn) realises an irreducible character  of G (see [HM] for
a proof). The QG-module V is irreducible (over Q, though not absolutely),
with character 2. In fact, V is irreducible over R, from which follows the
definiteness of ( , ) , a fact we implicitly assumed above.
In the case n=1, our proof depended on showing that the stabilizer in
H of a non-zero lattice vector has index p f +1 or more in H. We did
this by showing that a subgroup H$ of index q or less in H never fixes any
non-zero lattice vectors. But this is just the same as showing that the
restriction to such H$ of the character  never ‘‘contains’’ the trivial character,
see Lemma 3.1(i). What we need to show then is the following:
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Proposition 5.3. If H $ is a subgroup of index q or less in H then
( |H$ , 1H$)H$=0.
As pointed out by Elkies, to prove the congruence for the BarnesWall
lattice of rank 2f +1 , one easily checks the analog of Proposition 5.3 where
H is the extraspecial 2-group 21+2f& and  is the unique irreducible character
of H of degree 2 f. In the present case, where H is a Sylow subgroup of
G=SUn+2(q), our first job is to find a formula which we can use for the
character . This character has a very special property, proved by Landazuri
and Seitz [LS]. Among non-trivial irreducible characters of G it has minimal
degree. In fact, as proved in [TZ], there is only one character of this minimal
degree. It comes from a certain irreducible summand of the Weil representa-
tion and there is an explicit formula, which for unipotent g is
(g)=
(&1)n+2
q+1
((&q)dim Ker(g&I )+q).
This formula may be found in the proof of Lemma 4 in [T2], and is derived
from a formula proven in [Ger]. Here the matrix g&I is considered as a
linear transformation of an (n+2)-dimensional k-vector space. Because of
the non-standard realisation of SUn+2(q) by matrices which we have chosen,
our matrices are only conjugate to the ones appearing in the formulas of
[Ger] and [T2], but this does not change the dimension of the kernel.
5.2. Checking the character sum. What it remains to prove is that if H$
is a subgroup of index q or less in H then
:
h # H$
((&q)dim Ker(h&I )+q)=0.
Before attacking the general case (any odd n), let us try to reprove the case
n=1, which we already know to be true thanks to Proposition 4.2. There
are three types of element h to consider.
1. h=I. In this case dim Ker(h&I )=3, and there is a contribution
(&q3+q) to the left hand side of (1).
2.
1 0 a2
h=\0 1 0 +0 0 1
with a2{0 and a2+aq2=0. These matrices, together with the identity I,
form a subgroup of H, which we shall call A1 and is isomorphic to F +q .
Each of these h’s occuring in H$ contributes (q2+q) to the left hand side
of (1), since dim Ker(h&I )=2.
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3. The remaining matrices in H, for which dim Ker(h&I )=1,
contribute nothing (&q+q) to the left hand side of (1).
In particular, (1) holds in the case H$=H, since
(&q3+q)+(q&1)(q2+q)=0.
In general, the only way to get the same number on the left hand side is
for H$ to contain the whole of A1 . Hence, for n=1, we just need to prove
the following lemma.
Lemma 5.4. If H$ is a subgroup of index q or less in H then H$ contains
the subgroup A1 of H.
Proof. It is straightforward to check that H is a p-group of extraspecial
type (cf. [Gor]), i.e. the centre Z(H), the commutator subgroup [H, H],
and the Frattini subgroup 8(H) of H, are all equal to A1 . In particular,
H has exactly q2+q&1 irreducible characters, q&1 of degree q and q2 of
degree 1. Let H$ be a subgroup of H of index at most q. Consider the
permutation character \ of H on HH$. Clearly, \ has degree q and it
contains the principal character with multiplicity 1. Any other irreducible
constituent of \ is of degree at most q&1, hence it has degree 1, which
implies that its kernel contains A1 . We have shown that Ker \$A1 . Conse-
quently, H$ A1 . K
In general we define a subgroup An of G by
An=[(aij) # G: aii=1(1in+2), aij=0 unless i= j or i+ j=n+3
and j>(n+3)2].
An is isomorphic to (F +q )
(n+1)2.
Lemma 5.5. If H$ is a subgroup of index q or less in H then H$ contains An .
Proof. An is generated in a fairly obvious way by (n+1)2 subgroups
A j1(1 j(n+1)2), each isomorphic to A1 . In fact, each is the image of
A1 under an embedding of H1 (the group H from the case n=1) into H.
Let us say the image of H1 in H is H j1(1 j(n+1)2). Now let H$ be a
subgroup of H, of index q or less. Then H$ & H j1 is a subgroup of H
j
1 ,
of index q or less. By the previous lemma, it contains A j1 . Hence, for all
1 j(n+1)2, the subgroup H$ contains A j1 . Since these subgroups
generate An , we conclude that H$ contains An , as required. K
Now, let H$ be a subgroup of H, of index q or less. If  |H$ were to
contain the trivial character, then so would  | An , since we now know that
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necessarily H$ contains An . Hence the following lemma completes the proof
of Proposition 5.2.
Lemma 5.6. h # An((&q)
dim Ker(h&I )+q)=0.
Proof. The advantage of working with the subgroup An is that the
dimensions of the kernels are particularly easy to work out, depending only
on the number of nonzero entries of h&I. Once we choose which of these
entries are to be nonzero, each can be nonzero in (q&1) different ways.
For the left hand side we then get the following expression involving
binomial coefficients and powers of (q&1):
(&qn+2+q)+((n+1)2)(q&1)(qn+1+q)+\(n+1)22 +
_(q&1)2 (&qn+q)+ } } } +(q&1) (n+1)2 ((&q)(n+3)2+q).
Breaking into two pieces and using the binomial theorem, this reduces to
(&q) (n+3)2 ((&q)+(q&1)) (n+1)2+q(1+(q&1)) (n+1)2.
This is &q(n+3)2+q(n+3)2, which is, of course, 0. K
We complete this section by observing that
Lemma 5.7. The lattice 1 is indecomposable.
Proof. Decompose 1=11 } } } 1l into indecomposable sublattices.
Since the character 2 is R-irreducible, G acts transitively on the set [11 , ..., 1l].
Thus G has a subgroup of index l, and l | dim(V)=2(qn+2&q)(q+1). It
is known that the index of any proper subgroup of G=SUn+2(q) is bigger
than dim(V) (see for instance [KlL]). Hence l=1. K
6. OTHER FAMILIES OF LATTICES
6.1. BarnesWall Lattices: Once more. Let q=2 f, k=Fq2 and Xk the
hyperelliptic curve X: y2+ y=xq+1, of genus g=q2. Again, counting
points shows that all the eigenvalues of Frobenius for Xk are equal to &q.
(Alternatively one may use the fact that X is a quotient of the Fermat
curve.) An appropriate choice of elliptic curve Ek will lead this time to a
lattice 4=Mork(X, E)tors. of rank r=4g=2q=2 f +1. Its theta series %4
is a modular form of weight 2 f (with trivial character and level 2[( f +1)2])
which we might hope is congruent to 1 modulo 2 f +2. One may prove
that this is in fact the case by an identical argument to the proof of
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Proposition 4.2, this time using a group H of order 2q2 acting on the curve X.
This H is isomorphic to an extraspecial 2-group 21+2f& . Concretely, H=
[(a1 , a2) # k2 : a22+a2=a
q+1
1 ], acting on X by
(a1 , a2): x [ x+a1 , y [ y+ :
f &1
i=1
(aq1 x)
2 i+a2 .
These (for f 11) are among the lattices used by Elkies [Elk] to get dense
sphere packings. The BarnesWall lattice of rank 2 f +1 is an H-invariant
lattice in 4 Q so we see once again that its theta series is congruent to
1 modulo 2 f +2 (see also Proposition 3.3(i)). This theta series has level 1
when f is even, 2 when f is odd.
The introduction to [Elk] mentions dense sphere packings coming from
other families of lattices, with p=3 or p#5(mod 6), the lattices in the
latter case being equivalent to those considered by Shioda [Shi]. One
expects most of these lattices to have theta series congruent to 1 modulo p.
That they do may be seen by applying Lemma 3.1, since an isometry of order
p acts on the lattice without eigenvalue 1.
6.2. Symplectic group lattices. Let q= p f be a power of an odd prime,
such that either f is even or q#3(mod 4). Let k=Fq and Xk the hyper-
elliptic curve X: y2=xq&x, of genus g=(q&1)2. Then choosing an elliptic
curve Ek in a suitable isogeny class leads to a lattice 4=Mork(X, E)tors.
of rank r=q&1. Details may be found in [D2]. These lattices, in the case
q= p, were originally constructed by Hecke. In that case, they may also be
constructed using cyclotomic fields, or using representation theory. See
Section 11 of [Gro]. %4 is a modular form of weight (q&1)2 and level
p[( f +1)2]. Its character is trivial when f is even but is the Legendre symbol
mod p when q#3(mod 4), in which case we need to add ( p&1)2 to the
weight before checking for divisibility. In either case the ‘‘adjusted weight’’
is divisible by p&1 but not by p( p&1), so we might expect %4 to be congruent
to 1 modulo p but it cannot possibly be congruent to 1 modulo any higher
power of p.
X is a double cover of the projective line, and the action of G=SL2(q)
on P1 by fractional linear transformations lifts to an action on X. Let H be
the unipotent upper-triangular subgroup of G. This H is isomorphic to the
additive group Fq and acts on X by (x, y) [ (x+a, y). It may be used as
in the proof of Proposition 4.2 to prove the congruence modulo p. In fact
it is easy to see directly that XH&P1, so the stabilizer of a non-constant
morphism from X to E must have index at least p in H.
In this example we do not get families of theta series congruent to 1
modulo increasing powers of p. However, if one considers the difference in
weights, say for f2> f1 with f1 # f2(mod 2), it is p f1 ( p f2& f1&1)2, which is
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divisible by p f1( p&1). Hence we might expect that %4f1 #%4f2 (mod p
f1+1).
Unfortunately this is impossible. There is a lower bound due to Elkies:
(,, ,)(q+1)2 for non-constant , # Mork(X, E). If the congruences
held then, fixing f1 and letting f2 go to infinity, we would be forced to
conclude that %4f1#1(mod p
f1+1), which we know is impossible.
The lattices of ranks q&1, for q as above, constructed by Gross and
Gow using the Weil representations of finite symplectic groups ([Gro],
[Gow]), are G-invariant lattices in 4Q. Hence their theta series are
congruent to 1 modulo p. These theta series are of level 1 when f is even,
level p when q#3(mod 4). See also Proposition 6.1 for a group-theoretic
argument.
6.3. More symplectic group lattices. One of the series of globally
irreducible lattices comprises lattices 4 related to the Weil representations
of finite symplectic groups G=Sp2n(q). More precisely, rank 4 is qn&1 if
q= p2 for an odd prime p or q= p#3(mod 4) is a prime, and 2(qn&1)
if q= p#1(mod 4) (cf. [Gow], [Gro], [T1]). All of these lattices are
indecomposable.
Proposition 6.1. Under the above assumptions, %4 #1(mod p).
Proof. Clearly, 4 is acted on by H=SL2(qn). The character / of this
action is a sum of certain algebraic conjugates of a Weil character ’ of
degree (qn&1)2 of H. Consider a Sylow p-subgroup P of H. Then ’(g)=
(&1+- =qn)2 for half the non-identity elements g # P, and ’(g)=
(&1&- =qn)2 for the other half, where ==(&1) (qn&1)2. This implies that
(’ |P , 1P)P=0, and hence (/ |P , 1P)P=0. By Lemma 3.1 (i), %4 #1(mod p).
K
Let R denote the set of all primes r of the form 2a } 3b+1 with a2 and
b0 and such that (r+1)2 is a prime. For example, R contains 5, 13, 37,
73, 193, 1153. For the primes in R we can strengthen Proposition 6.1 in the
following way.
Proposition 6.2. Let r # R and let 4 be the SL2(r)-invariant even uni-
modular lattice of rank 2(r&1) constructed in [T1]. Then %4 #1(mod M),
where M is the prime-to-3 part of r(r2&1).
Proof. Let G=SL2(r). Then the G-character afforded by 4 is a sum of
certain algebraic conjugates of a Weil character ’ of degree (r&1)2 of G.
As observed in [FLT], no 3$-element (element of order prime to 3) of G
can have eigenvalue 1 on the representation space of ’. This implies that
StabG(v) contains no 3$-elements and hence it is a 3-group for any nonzero
v # 4. Our statement follows. K
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6.4. Lattices for the even-dimensional finite unitary groups. Let p be any
prime number, q= p f, p an odd prime, and n2 an even number. The
group G=SUn+2(q) acts on the n-dimensional Fermat variety
Xn : xq+10 +x
q+1
1 + } } } +x
q+1
n+1=0
defined over k=Fq 2 . As pointed out by Tate in [Tate2], the primitive
codimension n2 cycles on Xn give an irreducible QG-module Vn of dimension
2q(qn+1+1)(q+1) as a vector space. The intersection pairing endows V
with a G-invariant, definite, symmetric bilinear form. As observed in [D1],
in general it is impossible (when f is even) for there to be a G-invariant
even unimodular lattice in Vn , because the rank would not be divisible by 8.
However, all is not lost. In characteristic different from p the minimal
degree of a non-trivial irreducible representation of G is (qn+2&1)(q+1)
(see [LS]). There are q non-equivalent irreducible CG-modules of this
minimal degree, irreducible summands of the Weil representation. Their
characters are denoted ‘ in+2, q (1iq) in [T2], where it is shown in
Corollary 4.5 that there is an irreducible QG-module W with character
2‘ (q+1)2n+2, q . Its dimension is then 2(q
n+2&1)(q+1). In a forthcoming paper
[DT] we shall prove the following proposition.
Proposition 6.3. W contains (at least one) G-invariant lattice 4 such that,
with an appropriate choice from the one-dimensional cone of G-invariant,
positive-definite, symmetric bilinear forms on W, we have
det 4={1prank 42
if f is even;
if f is odd.
The rank of 4 is divisible by p&1 but not by p, so we only expect a
congruence %4 #1(mod p). This may be obtained by a calculation very
similar to that in the case when n is odd.
7. EXCEPTIONAL CASES: THE THOMPSONSMITH LATTICE
The ThompsonSmith lattice 4248 is another remarkable globally irreducible
lattice, which was constructed by Thompson and Smith in the course of
constructing the finite sporadic simple group F3=Th [Tho]. It has rank
248 and full automorphism group Z2 _F3 .
Theorem 7.1. The lattice 4248 is %-optimal, i.e. the theta series of 4248 is
congruent to 1 modulo 24 } 3 } 5.
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Proof. Let / denote the character of F3 afforded by 4248 .
(1) Let T denote a Sylow 2-subgroup of F3 . A presentation for T is
exhibited in [Rei]. We will use the notation of [Rei] for the generators
of T. We want to show that any subgroup H of T of index less or equal
to 8 contains E, the elementary abelian subgroup of order 32 generated by
A2, B2, C2, D2 and Z.
Let K denote the kernel of the permutation representation of T on the
cosets TH. Then S :=TK is obviously a 2-subgroup of the symmetric
group on 8 symbols. This implies that [S", S]=1, where S$=[S, S],
S"=[S$, S$]. Hence K and H contain L :=[T", T], which is the normal
subgroup of T generated by A2, B2, C2, and D2.
Next we consider T :=TL of order 211. The centre Z(T ) of T is
generated by the cosets AL and ZL. Inspecting the character table of T ,
produced by computer using GAP, one sees that the kernel of any irreducible
character of T of degree 1, 2, or 4, contains Z(T ). In particular, HL contains
ZL, whence H contains Z, A2, B2, C2, D2, as desired.
Since /( j)=&8 for any involution j # F3 (cf. [Atlas]), (/E , 1E)E=0, i.e.
E fixes no nonzero lattice vector. In other words, the stabilizer of any non-
zero lattice vector has index at least 16 in T. Consequently, %4 #1(mod 24).
(2) F3 has an elementary abelian 3-subgroup B of order 35, with the
following properties (cf. [Atlas]):
 B contains a subgroup A consisting of the identity element and
two elements from the conjugacy class 3C (in the notation of [Atlas]);
 NF3(B)$B } SL2(9), and BA is an irreducible SL2(9)-module
(over F3). In particular, SL2(9) acts transitively on the cosets gA{A.
Suppose a coset gA{A consists of a0 elements from the class 3A, b0
elements from the class 3B, and c=3&a&b0 elements from the class
3C (in the notation of [Atlas]). Then B consists of the identity element,
80a elements of class 3A, 80b elements of class 3B, and 242&80a&80b
elements of class 3C. Since / equals 14 on the class 3A, 5 on the class
3B, &4 on the class 3C, we see that (/ |B1B)B=80(2a+b&1)27 is an
integer, i.e. 2a+b&1 is divisible by 27. But 0a, ba+b3, hence
a=0, b=1. This implies (/ |B , 1B)B=0. Applying Lemma 3.1 (i), we obtain
the desired congruence modulo 3.
(3) F3 has a subgroup P=51+2+ consisting of the identity element
and 124 elements of order 5, all conjugate in F3 . If g # P, then /(g)=&2
if g{1, and /(1)=248 [Atlas]. Applying Lemma 3.1(i) to P, we get the
desired congruence modulo 5. K
The currently known globally irreducible representations are summarised
in Section 6 of [T1]. Several of them involve sporadic finite simple groups.
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Some of the expected congruences are easy to prove using a cyclic group
but in some cases there are problems concerning the divisibility of the order
of the group. For example, there is a globally irreducible representation of
degree 72 of the group G=3J3 } 2. The theta-series of the associated lattice
has weight 36, level 15 and trivial character, so we might expect it to be
congruent to 1 modulo 24, 33, 5, 7, 13, 19 and 37. The congruence modulo
19 is easily proved using a cyclic subgroup of order 19, but there are no
subgroups of G which we could possibly use to prove the congruences
modulo 7, 13 and 37, since these numbers do not divide the order of G.
Things can get even worse, for example in the case of the globally irreducible
representation of degree 56 of 2Ru. This representation gives rise to an
even unimodular lattice of rank 56 with 4_4060 minimal vectors (cf. [Atlas]).
Thus the theta series of the lattice does not satisfy the expected congruence
modulo 3, even though the group order is divisible by 33.
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